Abstract. We show that the natural morphism ϕ : π 1 (X η , x η ) → π 1 (X, x) η between the fundamental group scheme of the generic fibre X η of a scheme X over a Dedekind scheme and the generic fibre of the fundamental group scheme of X is always surjective for the fpqc topology. As an application we show that if Y is a dominant pointed G-torsor over X η and if ρ : π 1 (X η , x η ) ։ G is the associated morphism then it exists a pointed G ′ -torsor Y ′ over X which extends the previous one if and only if ker(ρ) > ker(ϕ).
Applications. 14
In [12] and [11] (respectively and chronologically) Saïdi and Romagny give an example of a G-torsor Y over the generic fibre X K of a scheme X over a discrete valuation ring R of equal characteristic p > 0, where K is its field of fractions, such that the normal closure Y of Y in X does not have any structure of torsor which extends the one given on Y . Namely they construct such an example when X = Spec(R [x] ) and G = (Z/p 2 Z) K . Nevertheless one can ask if we can find a scheme Y ′ and a torsor structure on it which extends the torsor structure on Y .
This problem is strictly related to the study of the fundamental group schemes of X and of X η . In [9] Nori gives the definition of the fundamental group scheme π 1 (X, x) of a reduced, connected and proper scheme X over a perfect field k provided with a point x ∈ X(k). This definition has been extended by Gasbarri in [4] where he replaces k by a Dedekind scheme E and where X is a reduced and irreducible scheme faithfully flat over E. The two definitions coincide if E is the spectrum of a perfect field.
The principal results are theorems 3.3 and 5.2. In theorem 3.3 we prove that the natural morphism ϕ : π 1 (X η , x η ) → π 1 (X, x) η is always surjective for the fpqc topology, where X is a scheme over a Dedekind scheme. This allows us to compute the fundamental group scheme of P 1 E for an affine Dedekind scheme E (cf. example 3.4).
1 The fundamental group scheme.
In [9] , Nori defines the fundamental group scheme π 1 (X, x) of a reduced, connected and proper scheme X over a perfect field k provided with a point x ∈ X(k) as the group scheme associated to the neutral tannakian category (EF (X), ⊗, x * , O X ) over k where EF (X) is the full subcategory of the category of semistable vector bundles generated by the finite vector bundles over X and a vector bundle V over X is said to be finite if there exist two polynomials f, g ∈ Z[x] with nonnegative integers such that f = g and f (V ) ≃ g(V ) (the sum being direct sum of vector bundles and the product being tensor product of vector bundles over X). The objects are called essentially finite vector bundles over X. Gasbarri takes as a starting point Nori's idea developed in [10] , Part I, Ch. II, §1 where the author gives a second equivalent description for his fundamental group scheme. Now we give some details on Gasbarri's construction and Nori's one can be considered as a particular case. Gasbarri takes, as a base scheme, a Dedekind scheme. So from now on let E be a Dedekind scheme, X a reduced, irreducible (and then connected) scheme and let j : X → E be a faithfully flat morphism. We also assume the existence of a section x : E → X. We start by recalling the definition of Dedekind scheme: Definition 1.1. A Dedekind scheme is a normal noetherian scheme of dimension ≤ 1. Definition 1.2. Let P(X) be the category whose objects are triples (Y, G, y) where:
• G is a finite and flat E-group scheme.
• f : Y → X is a G-torsor for the fpqc topology.
• y : E → Y is a section such that f (y) = x.
between two triples is the datum of two morphisms α : Y 1 → Y 2 and β : G 1 → G 2 where β is a group scheme morphism, α(y 1 ) = y 2 and s.t. the following diagram
commutes (horizontal arrows being the action of the involved group schemes).
We define the set I := Ob(P(X)) which is a poset when provided with the following relation: if i, j ∈ I then i ≤ j if and only if it exists a (necessarily unique, cf. lemma 1.7) morphism between the corresponding triples. Moreover the following theorem holds: Theorem 1.3. The set I := Ob(P(X)) is a filtered set. So we can define a pro-object
is a E-group scheme andỸ is a scheme.
Proof : see [4] , Proposition 2.1.
We call the group scheme π 1 (X, x) constructed in theorem 1.3 the fundamental group scheme. We call the schemeỸ the π 1 (X, x)-universal torsor over X.
Remark 1.5. If E is the spectrum of a perfect field k and X is a reduced, irreducible, proper and faithfully flat k-scheme then we can define both the fundamental group scheme following Nori construction and the fundamental group scheme following Gasbarri construction. In this case they coincide (cf. [10] , Ch. II). This is why from now on we denote π 1 (X, x) both Nori and Gasbarri fundamental group schemes and no confusion will arise. Remark 1.6. There is a bijection (Y, G, y) ←→ group scheme morphisms triples as in def. 1.2 ρ : π 1 (X, x) → G.
Proof : on one hand it is easy to see that from a triple we deduce a morphism (Ỹ , π 1 (X, x),ỹ) → (Y, G, y) (by theorem 1.3) and then a morphism ρ :
On the other hand it is sufficient to consider the contracted product Y × π 1 (X,x) G, as defined in [3] , III, §4, 3.2. In order to be sure that one direction is the inverse of the other we just need lemma 1.7. Lemma 1.7. Let α : G → H be a group scheme morphism, Y a G-torsor over X, P a H-torsor over X and ϕ : Y → P a morphism between torsors compatible with the actions of G and H. Then P ≃ Y × G H.
Proof : for any X-scheme T we have a canonical arrow:
that passes to quotient (under the left action of G). We deduce a morphism of Htorsors Y × G H → P over X which is then an isomorphism since every morphism between H-torsors is an isomorphism, hence the desired result.
2 Some lemmas on Hopf algebras.
From now on let E be an affine Dedekind scheme and η = Spec(K) its generic point where K is the function field of E. Every E-group scheme we will consider will be affine. During all this section B will be a commutative unitary ring.
Definition 2.1. Let β : G ′ → G be a morphism of affine group schemes (finite or not) where G ′ := Spec(R G ′ ) and G := Spec(R G ). The morphism β is said to be a dominant morphism if the corresponding morphism β * : R G → R G ′ of Hopf algebras is injective. We will denote a dominant morphism G ′ ։ G.
This last notation is coherent with the following theorem. Theorem 2.2. Let β : G ′ → G be a morphism of affine group schemes over a field. The following are quivalent:
Proof : for 1) ⇔ 2) see [13] , Ch. 15, §5; for 2) ⇔ 3) see [13] , Ch. 14, §1. For the sake of completeness and because of a lack of references we detail the easy proofs of the following useful lemmas.
Lemma 2.4. Let B be any (commutative and unitary) ring, A and C be two BHopf algebras and h : A → C a B-morphism of Hopf algebras. The morphism h can be factored in a unique way as follows: there exist a B-Hopf algebra H and two Bmorphisms of Hopf algebras z : A → H and j : H → C s.t. z is surjective, j is injective and h = j • z:
Proof : let ∆ A : A → A ⊗ A and ∆ C : C → C ⊗ C be the morphisms (of B-modules) that give A and C their coalgebra structure, m A : A ⊗ A → A and m C : C ⊗ C → C the morphisms (of B-modules) that give A and C their B-algebra structure (that is the multiplication laws) and finally S A and S C the antipodal morphisms that give A and C their B-Hopf algebra structure. Let H := Im(h) the B-sub-module of C. One has to check that
• m C (H ⊗ H) ⊆ H in order to prove that H has a B-algebra structure and consequently a B-bialgebra structure,
• S C (H) ⊆ H in order to prove that H is a B-Hopf algebra and these are easy computations. The morphism z : A → H, is surjective by definition. Moreover H is contained in C and we denote its inclusion j : H ֒→ C. The morphisms z and j are the desired morphisms of B-Hopf algebras.
We will often use the following corollary of this lemma:
Corollary 2.5. Any morphism f : G ′ → G between affine group schemes (over a ring B) can be factored into a dominant morphism s : G ′ ։ F (F some B-group scheme) and a closed immersion i :
Proof : just consider h : R G → R G ′ the Hopf algebra morphism corresponding to f : G ′ → G. Then factor h = j • z as in lemma 2.4 and set s and i the group scheme morphisms (resp.) corresponding to j and z. Lemma 2.6. Let (A i , f l i ) i∈I be a direct system of B-(Hopf) algebras and let A = lim −→ i∈I A i ; we have, for any pair (i, l), s.t. i ≤ l the following commutative diagram:
the morphism α i is injective if and only if for any l ≥ i every f l i : A i → A l is injective. Proof : one direction is obvious. In the other direction, we suppose that f l i : A i → A l is injective for all l ≥ i; let x ∈ A i and α i (x) = 0. Now, we set y := f l i (x) ∈ A l , we know that α l (y) = 0 according to the previous diagram; but α l is defined as the composition of the following morphisms:
) and this means that there exist r ∈ I, r ≥ l and f r l :
, but according to the assumption on A i the morphism f r i is injective and then x = 0.
An easy consequence of previous lemma is the following corollary:
Corollary 2.7. Let (G i , γ l i ) i∈I be an inverse system of affine B-group schemes and G = lim ←− i∈I G i ; we have, for any pair (i, l) s.t. i ≤ l, the following commutative diagram:
then the morphism ρ i is dominant if and only if for any l ≥ i every γ l i : 
1).
Proof : it is a consequence of corollary 2.7.
Notation 2.9. When needed we will talk about pairs (G, ρ) where G is a group scheme and ρ : π 1 (X, x) → G a group scheme morphism, instead of the associated triples (Y, G, y) (cf. rem. 1.6). Motivated by corollary 2.8 we will say that such a pair is dominant if and only if the morphism ρ :
Lemma 2.10. Let E be an affine Dedekind scheme. Let (G, ρ) be a pair constituted by a E-affine group scheme G and a morphism ρ : π 1 (X, x) → G (so that we can associate to it a triple (Y, G, y) ∈ Ob(P(X)), cf. 1.6). It exists a pair (G ′ , ρ ′ ) (where G ′ is a E-affine group scheme and ρ ′ : π 1 (X, x) → G ′ a morphism of E-affine group schemes) and a closed immersion β :
.1).
Proof : the existence of morphisms ρ ′ :
is assured by corollary 2.5. The pair (G ′ , ρ ′ ) is then dominant (cf. notation 2.9).
According to lemma 2.10 we can say that any pair (G, ρ) is always dominated by a dominant pair, or, which is equivalent, that any triple (Y, G, y) is always dominated by a dominant triple.
Lemma 2.11. Let B be a commutative ring with unity, (A i , f j i ) i∈I a direct system of B-(Hopf) algebras, A = lim −→ i∈I A i and α i : A i → A. Let J be a filtered subset of I and C = lim −→ j∈J A j . We assume that for any j ∈ J the canonical morphism γ j : A j → C is injective. Then the natural morphism ψ : C → A is injective if and only if α j : A j → A is injective for any j ∈ J.
Proof : for any j ∈ J we have the following commutative diagram:
if ψ is injective then α j is injective too for all j ∈ J (obvious). Reciprocally, suppose α j injective for all j ∈ J and let x ∈ C be such that ψ(x) = 0. Once again we make use of the canonical factorisation:
So let z ∈ u∈J A u be a representing element of x ∈ C, it follows that it exists v ∈ J such that z ∈ A v and γ v (z) = x, in particular we have 0 = ψ(x) = ψ • γ v (z) = α v (z), but since we have assumed α v to be injective we have z = 0, then x = γ v (z) = 0.
Corollary 2.12. Let B a commutative ring with unity, (G i , γ j i ) i∈I an inverse system of affine B-group schemes, G = lim ←− i∈I G i and ρ i : G → G i . Let J be a filtered subset of I and G ′ = lim ←− j∈J G j . We assume that for any j ∈ J the canonical morphism
is dominant. Then the natural morphism ψ : G → G ′ is dominant if and only if ρ j : G → G j is dominant for any j ∈ J. Proof : it is an easy consequence of lemma 2.11.
3 The fundamental group scheme structure.
As in previous section E will denote an affine Dedekind scheme. Our starting point for this section is the definition of the fundamental group scheme (cf. definition 1.4):
where I := Ob(P(X)) (see def. 1.2 for the definition of the category P(X)) and moreover we will denote
the corresponding canonical morphisms. Proposition 3.1. Let J ⊆ I the set of all i ∈ I such that:
is a dominant morphism. The group scheme π 1 (X, x) is isomorphic to the projective limit of all the finite E-affine group schemes G j , j ∈ J, i.e.
Proof : this is a consequence of lemma 2.10, in fact from the definition of the fundamental group scheme we observe that every pair (G i , ρ i ) that appears in the limit that defines it is dominated by a dominant pair (G ′ i , ρ ′ i ), namely for any i ∈ I there exists j ∈ J such that j ≤ i. This is sufficient to say that the pair (G i , ρ i ) becomes negligible in the limit π 1 (X, x) := lim ←− i∈I G i in the sense that it can be replaced by (G ′ i , ρ ′ i ), which is dominant, hence the desired result. It is also clear that any finite affine group scheme G which is connected to π 1 (X, x) by a dominant morphism π 1 (X, x) ։ G, belongs to this new limit. Now, let η := Spec(K) be the generic point of E (that we have assumed to be affine at the beginning of this section), we construct X η := X × E η that possesses a point x η ∈ X η (η) (fibre of x ∈ X(E)). Over η we can construct the fundamental group scheme π 1 (X η , x η ) but also the group scheme π 1 (X, x) η := π 1 (X, x) × E η. We now describe these two group schemes whose relations are interesting for our study.
Let us introduce some notations. Definition 1.4, applied to X η , gives the fundamental group scheme of the generic fibre of X, that is
where M := Ob(P(X η )) (see definition 1.2) and F m is a finite affine group scheme over η belonging to an object of P(X η ); we make use of the following notation for the canonical morphisms q m : π 1 (X η , x η ) → F m moreover, according to proposition 3.1, applied to X η , we also obtain the following isomorphism
is dominant. Now we compare the fundamental group scheme π 1 (X η , x η ) and the generic fibre π 1 (X, x) η of the fundamental group scheme of X.
Direct limits of algebras commute with base change (cf. [7] , Appendix A, Theorem A.1), so the same is true for inverse limits of affine group schemes. Applying this property to the fundamental group scheme of X one gets
where we recall that I = Ob(P(X)) and G i,η = G i × E η. In order to be coherent with the previous notations we denote the morphisms that connect π 1 (X, x) η to the group schemes G i,η in the following way:
where these morphisms are generic fibres of the previously defined ρ i . Moreover, according to proposition 3.1 we also obtain the following isomorphism
where J ⊂ I has been previously defined and G j,η = G j × E η and the canonical morphisms that connect π 1 (X, x) η to G j,η are the generic fibres of the morphisms ρ j previously defined, that is
Since the morphism η → E is flat it follows that ρ j,η : π 1 (X, x) η ։ G j,η is a dominant morphism simply because ρ j : π 1 (X, x) ։ G j is dominant. Nevertheless the canonical morphism (that exists) π 1 (X η , x η ) → G j,η is not necessarily dominant. Now consider the functor restriction to the generic fibre from the category P(X) to the category P(X η ). On the objects this is an increasing function α : I → M . As a consequence it exists a morphism
Notation 3.2. Before going on we sum up, in the following table, the notations we have introduced and that we will need later:
where J ⊂ I and N ⊂ M .
We can now state the principal result of this paper:
Theorem 3.3. The morphism ϕ : π 1 (X η , x η ) −→ π 1 (X, x) η is surjective for the fpqc topology.
As a first application of this result we prove that the fundamental group scheme π 1 (P 1 E , x) is trivial for E an affine Dedekind scheme and x ∈ P 1 E (E). That π 1 (P 1 K , y) is trivial when K is any field (and y ∈ P 1 K (K)) is a consequence of the fact that every essentially finite vector bundle on P 1 K is trivial (cf. [10] , Ch II, lemma preceding Proposition 9).
Example 3.4. Let E be an affine Dedekind scheme and x ∈ P 1 E (E) a point. The fundamental group scheme π 1 (P 1 E , x) is trivial. Proof : let η := Spec(K) be the generic point of E and take a dominant pointed torsor Z → P 1 E under the action of a finite and flat E-group scheme G. Its generic fibre
K is a pointed G η -torsor where G η is the generic fibre of G. Since η → E is flat then the canonical morphism π 1 (P 1 E , x) η → G η is faithfully flat so, according to theorem 3.3, the natural morphism
is trivial then so is G η . Since G is finite and flat over E then |G| = |G η | so we deduce that G is trivial, hence the desired result.
Proof of the theorem.
The aim of this section is to prove theorem 3.3 which is equivalent as saying that the morphism
is a dominant morphism. For any j ∈ J we consider the following commutative diagram:
According to corollary 2.12 it is clear that, since ρ j,η : π 1 (X, x) η ։ G j,η is dominant for any j ∈ J, if we prove that for all j ∈ J the morphism q j : π 1 (X η , x η ) → G j,η is dominant too then the morphism ϕ : π 1 (X η , x η ) → π 1 (X, x) η would be dominant too and we would be done. This is the aim of what follows and conclude this section.
Once again we make use of corollary 2.5 that allows us to factor q j : π 1 (X η , x η ) → G j,η as follows:
where G is an affine finite K-group scheme. It follows that it exists, according to notation 3.2, n ∈ N such that G ≃ F n . So we denote the previous closed immersion between affine group schemes as follows
Then we identify F n with a closed sub-group scheme of G j,η . Now, let (Y ′ , F n , y ′ ) be the triple (cf. def. 1.2) relative to (F n , q n ); the triple (Y, G j,η , y) relative to (G j,η , q j ) satisfies the following relation:
i.e. the contracted product of Y ′ via the morphism f : F n ֒→ G j,η (cf. lemma 1.7), and y is the image in Y of y ′ .
Proof : locally, for the fpqc topology, it is certainly true since locally any torsor is trivial (cf. [8] Proposition 4.1). We deduce that, by means of [5] , Proposition 2.7.1., the result is also true globally (being a closed immersion is a local property for the fpqc topology). Now, we recall that it exists a finite E-affine group scheme G j and a dominant triple (P, G j , p) ∈ Ob(P(X)) (see def. 1.2 and 2.3) such that (Y, G j,η , y) is its generic fibre. The following diagram describes the actual situation:
According to [5] , proposition 2.8.5, there is a unique E-affine group scheme H, closed sub-group scheme of G j which is flat over E and such that H × E η ≃ F n : it's the scheme theoretic closure of F n in G j . Similarly we construct Q, the only closed sub-scheme of P which is flat over E and such that Q × E η ≃ Y ′ . This new situation is described in the following diagram:
where the question mark remind us that we still need to specify the eventual relations between H and Q. The answer is given by the following lemma that we can find in [4] but for the sake of completeness we sketch a proof:
Proof (Sketch): (see also [4] , lemma 2.2.) The scheme theoretic closure commutes with fibre products (cf. [5] , Corollaire 2.8.6) so in particular from diagram
We have a H-torsor Q, but in order to have a triple we need yet a section q : E → Q that extends the section y ′ ∈ Y ′ (K). This is a consequence of this easy lemma:
and (Y ′ , F n , y ′ ) be the triples relative to diagram (1) such that p × E η ≃ y and y = f ′ • y ′ where f ′ : Y ′ ֒→ Y . It exists a section q : E → Q such that the morphism u : Q ֒→ P satisfies u • q = p and q × E η ≃ y ′ .
Proof : since y ′ : η → Y ′ is a closed immersion we can construct y ′ : Z ֒→ Q the closed sub-scheme of Q closure of y ′ where Z is flat over E and Z × E η ≃ η (once again thanks to [5] , proposition 2.8.5). Furthermore u • y ′ : Z ֒→ P is a closed immersion, it follows that Z is the only closed sub-scheme of P which is flat over E and such that its generic fibre is isomorphic to y ′ : η → Y ′ . Such a Z is unique, we deduce that u • y ′ ≡ p and Z ≃ E because p : E → P satisfies the same properties. This shows that q := y ′ : E → Q is the desired section.
We sum up with another clarifying diagram:
We are now able to conclude: first of all we recall that we have factored the morphism q j : π 1 (X η , x η ) → G j,η as follows:
and we have denoted
Now we observe that it exists i ∈ I such that F n ≃ G i,η (cf. notation 3.2), in fact there exists a triple (Q, H, q) whose fibre is isomorphic to (Y ′ , F n , y ′ ) as lemmas 4.2 and 4.3 say. Then there exists a canonical morphism q ′ n : π 1 (X, x) η → F n and we have the following commutative diagram:
where the morphism π 1 (X, x) η ։ G j,η is clearly dominant by construction so that, by corollory 2.7, the morphism f : F n ֒→ G j,η is dominant too, but since it is also a closed immersion then it is an isomorphims (it is sufficient to look at the dual morphism f ♯ of f between Hopf algebras which is both surjective and injective). So q j : π 1 (X η , x η ) → G j,η is a dominant morphism then from diagram
we deduce that ϕ : π 1 (X η , x η ) −→ π 1 (X, x) η is dominant according to corollary 2.12.
Applications.
Now we apply theorem 3.3 to the problem of extension of torsors or, more precisely, we would like to explain how the kernel N of the morphism ϕ : π 1 (X η , x η ) → π 1 (X, x) η measures the obstruction to extending a torsor over X η under the action of a finite affine group scheme over K to a torsor over X under the action of a finite and flat E-group scheme; we recall the hypothesis and notations already used in previous sections: Notation 5.1. Let E be a Dedekind scheme (that we suppose affine), K its function field, X a reduced, irreducible (and then connected) scheme and j : X → E a faithfully flat morphism. We assume the existence of a section x : E → X. We will denote η := Spec(K) the generic point of E and N := ker(ϕ) where ϕ :
We are going to prove that the following statement holds: Theorem 5.2. Let G be a finite affine group scheme over K, ρ : π 1 (X η , x η ) ։ G a dominant morphism (cf. def. 2.1) of K-affine group schemes. Let (Y, G, y) ∈ P(X η ) be the dominant triple naturally associated to (G, ρ) (cf. remark 1.6). Then it exists a triple (Y ′ , G ′ , y ′ ) ∈ P(X) whose generic fibre is isomorphic to (Y, G, y) if and only if ker(ρ) > N .
For the comfort of the reader we recall in a few lines the meaning of a triple (Y, G, y) ∈ P(X η ). It consists of a torsor Y over X η under the action of a finite K-affine group scheme G and a point y ∈ Y (K). Similarly a triple (Y ′ , G ′ , y ′ ) ∈ P(X) consists of a torsor Y ′ over X under the action of a finite and flat E-affine group scheme G ′ and a point y ′ ∈ Y ′ (E).
A consequence of theorem 5.2 is the following Corollary 5.3. Any dominant triple (cf. def. 2.3) over X η can be extended to a (dominant) triple over X if and only if ϕ :
In the remainder of this paper we will prove theorem 5.2 Proof (of theorem 5.2). On one hand it is simple: assume in fact that it exists a triple (Y ′ , G ′ , y ′ ) ∈ P(X) whose generic fibre is isomorphic to (Y, G, y). This means that it exists a morphism ρ ′ : π 1 (X, x) → G ′ (that is the only morphism naturally associated to (Y ′ , G ′ , y ′ ), cf. rem. 1.6) such that its generic fibre ρ ′ η :
that is the following diagram commutes:
The existence of such a morphism ρ ′ η is equivalent 2 to the condition ker(ρ) > N (we will simply say that ρ passes to quotient).
2 On one hand, if such a morphism ρ ′ η exists it is clear that N < ker(ρ); on the other hand if N < ker(ρ) then we deduce, according to [13] , Ch. 15, Theorem 15.4 that ρ ′ η exists. Now, suppose that the condition ker(ρ) > N holds and then that it exists a morphism γ : π 1 (X, x) η ։ G such that γ • ϕ = ρ, that is the following diagram commutes: 
G
So the morphism γ is certainly surjective (since ρ is surjective). Now we need to quotient π 1 (X, x) η which is often not an algebraic group scheme 3 by another (finite) group scheme. This operation does not always give rise to a group scheme so we need to find a group scheme smaller than π 1 (X, x) η before considering its quotient by another group scheme. That's why we need the following Lemma 5.4. We use notation 3.2. Then we have π 1 (X, x) η ≃ lim ←− j∈J G j,η where ρ j,η : π 1 (X, x) η ։ G j,η (for all j ∈ J). It exists j ∈ J such that γ factors through G j,η or, equivalently, the following diagram
y y y y t t t t t t t t t t t G commutes.
Proof : the morphism γ corresponds to a morphism of Hopf algebras γ * : R G ֒→ D ≃ lim −→ j∈J D j (cf. again notation 3.2) where (D j ) is the direct system of K-Hopf algebras naturally associated to the inverse system (G j,η ) whose inverse limit is isomorphic to π 1 (X, x) η . So let {x k } k∈W (where |W | < ∞ ) be the generators of R G as a K-module. Now, ∀k ∈ W it exists j k ∈ J s.t. the image of x k belongs to D j k . But |W | is finite, it follows that it exists j ∈ J such that the image of x k belongs to D j for any k ∈ W , hence the desired result.
Before completing the proof of the theorem we recall the definition of quotient as given in [2] , Définition 9.1 (see also [6] , Part I, §5.1 and ff.) of K-group schemes adapted to our situation: Definition 5.5. Let A be a commutative ring with unity. Let G and G ′ be two Agroup schemes and u : G ′ → G a monomorphism of A-group schemes. We denote G/G ′ and we call it the right quotient sheaf of G by G ′ the quotient sheaf (for the fpqc topology) of G by the equivalence relation
We denote γ ′ j the morphism γ ′ j : G j → G ′ ; we compose it with ρ j : π 1 (X, x) → G j in order to obtain a morphism γ ′ j • ρ j : π 1 (X, x) → G ′ to which we associate the triple (Y ′ , G ′ , y ′ ) (cf. rem. 1.6) which is the desired triple. This concludes the proof of theorem 5.2.
